We study the dynamics of a polymer that is pulled by a constant force through a viscoelastic medium. This is a model for a polymer being pulled through a cell by an external force, or for an active biopolymer moving due to a self generated force. Using a Rouse model with a memory dependent drag force, we find that the center of mass of the polymer follows a subballistic motion.
I. INTRODUCTION
While the static and dynamic properties of polymers in equilibrium are rather well understood [1] , much less is known about the behaviour of polymers in nonequilibrium situations.
One of the simplest cases that comes to mind is that of a polymer that is pulled by a constant force through a medium or the related problem of a polymer that is held fixed in a uniform flow. Scaling arguments showed that for polymers with a finite extensibility, a trumpet shape is assumed when the applied forces or fluid velocities are small [2] , whereas when the forces are sufficiently strong a stem-flower shape appears [3] . We are not aware of experiments in which a polymer is dragged through a medium, though experiments in which a fluorescent DNA is held fixed in a uniform flow using an optical tweezer have been performed [4, 5] . More recently, also the transient response of a polymer to an applied force was investigated theoretically [6, 7] . On the basis of exact calculations in the Rouse model and scaling arguments, it was found that after a force is suddenly applied to one end of a polymer, a tension front propagates towards the other end of the polymer such that the n-th monomer is set into motion in a time that grows as n 2 . It has been argued that tension propagation also plays an essential role in polymer translocation [8] [9] [10] .
In cellular biophysics, several situations are known where a polymer is being dragged through the cytoplasm of the cell: DNA that is pulled by the mitotic spindle during cell division [11] , or forces applied by the actin-myosin complex on immersed microtubuli [12] .
Or we can think of active polymers like molecular motors that use the energy liberated from ATP hydrolysis to generate their own force to transport various cargos across the cell [13] .
These cases differ from those studied in [2, 3, 6, 7] in that the cell is a complex, crowded medium that can to a good approximation be described as a viscoelastic fluid.
This then naturally leads to the question of how a polymer reacts to an applied force (self generated or due to the environment) in a viscoelastic medium. Besides being an interesting question for polymer physics, the response can also be used to obtain properties of the medium itself. Rheological properties of the cytoplasm have been obtained mostly by studying the response, or the related fluctuations of small objects (polymers, vesicles, nanoparticles, ...) [14, 15] . These objects were mostly considered as point particles, by, for example, looking at the diffusive behaviour of their center of mass [16] . However, polymers are extended objects and by also looking at their geometric properties, additional insight on the flow properties of the cytoplasm can be obtained.
In the present paper we study an extremely simplified, analytically The model we use for the polymer is that of a Rouse chain. In a viscoelastic medium [1] , drag forces have a memory of the past, so the usual Stokesian friction force −γv(t) on a particle is replaced by an integral with a kernel K(t): −γ K(t − t )v(t )dt . The kernel has a power law decay K(t) ∼ t −α . The value of the exponent α can be determined both from active and passive rheological measurements and estimates for cellular environments range from α ≈ 0.1 to 0.4 [15, 18, 19] . This defines the model we use. Our calculations extend earlier ones that investigated the diffusion of a Rouse chain in a viscoelastic medium in absence of a force [20] . The results obtained were used to analyse the subdiffusive motion of chromosomal loci in bacteria and yeast [19] .
We will focus on the time evolution of geometric properties of the polymer such as its density, its average length and its fluctuations. Besides this, we will also investigate the tension propagation through the chain.
This paper is organised as follows. In section II we introduce the model and its description in terms of eigenmodes. In section III, we look at the average motion of the center of mass while in section IV we look at average properties of individual monomers. This allows us to determine the shape of the polymer in section V and the propagation of tension through the polymer in section VI. In section VII we look at fluctuating quantities, like the diffusion of the center of mass and fluctuations in polymer length. Finally in section VIII we present some reflections on the experimental realisation of our theory and give some further conclusions.
II. THE ROUSE MODEL IN A VISCOELASTIC MEDIUM
In the standard Rouse model, a polymer with N monomers is modelled as a system of N beads connected by springs. Immersed in a solvent, each monomer feels moreover a friction and a random force. The position of the n-th monomer, R n (t), then obeys a Langevin
where γ is the friction coefficient, and k the spring constant. The force F n (t) is the sum of a deterministic force f n (t) and a random force ξ n (t): F n (t) = f n (t) + ξ n (t). The random force ξ n (t) is a Gaussian random process whose covariance is given by the fluctuation-dissipation
In the present case, the solvent is considered to be a viscoelastic medium in which friction becomes memory dependent:
A good description of a viscoelastic medium is obtained by assuming a power law for the kernel. We choose the parametrisation
In this way, viscous behaviour is recovered for α = 1. For α = 0 an elastic response is recovered. Hence for 0 < α < 1, we have the viscoelastic case, intermediate between the elastic and viscous response. The equation of motion for the n-th monomer now becomes the generalised Langevin equation
The random force remains a Gaussian process with average ξ n (t) = 0 and a correlation function that is connected to the kernel K(t) by the fluctuation-dissipation theorem
Mathematically, for the kernel (2), ξ(t) becomes so called fractional Gaussian noise [17] . In the present paper, f n (t) is a constant force that is turned on at t = 0 and that acts only on the first monomer (we label the monomers from n = 0 to N − 1)
where H(t) is the Heaviside function. We assume that at t = 0 the polymer is in thermal equilibrium. Finally, we introduce ghost monomers with n = −1 and n = N whose positions obey R −1 (t) = R 0 (t) and R N (t) = R N −1 (t) so that all physical monomers obey (3). The solution of (3) with these boundary conditions and for f = 0 was discussed in [20] in the context of the motion of chromosome loci.
In order to solve (3), it is common to introduce the Rouse modes
for p = 0, . . . , N − 1. A straightforward calculation shows that X p (t) obeys the generalised Langevin equation
Here τ p is the relaxation time of the p-th mode
which for N large can be approximated as
III. THE CENTER OF MASS MOTION
The normal mode with p = 0 corresponds to the center of mass R cm (t) = n R n (t)/N .
Its equation of motion
can be solved by Laplace transform. The calculation is simple and gives
where
. Averaging over different histories of the process, we obtain
(taking R cm (0) = 0). This is our first conclusion: the centre of mass moves subballistically.
Such motion has indeed been observed in experiments with molecular motors that move under their own, actively generated, force [21] .
The average velocity of the center of mass decreases as a power law
For the viscous case α = 1, we recover the result of [7] , V cm = (f /N γ)ê x . For α < 1, the polymer comes to rest for large t.
IV. POSITION AND VELOCITY OF THE MONOMERS
We are now interested to calculate the (average) position and velocity for each of the monomers. This will allow us to determine the shape of the polymer as a function of time.
Moreover, the results on the velocity of the monomer will give insight in how the force acting on the first monomer propagates through the polymer.
As a first step, we have to solve (7) . This can again be done using Laplace transforms.
The calculation is straightforward, details are given in Appendix A. The resulting time evolution of the modes can be written in terms of the generalised Mittag-Leffler functions E α,β (z) [22] which are defined as:
The Mittag-Leffler function can be seen as an extension of the exponential function to which it reduces for α = β = 1. For |z| → ∞, arg(z) = −π, we have, for α = β the asymptotic
Solving (7), we find for X p (t)
Here τ p,α is a set of time scales appearing in the problem
We average (17) over initial positions X p (0) and histories using
This gives
The position of the n-th monomer is then written in terms of the Rouse modes by inverting (6) . This gives
so that the average position of the n-th monomer is given by (only the component of R n (t)
in the direction of the force is non-zero, so we drop vector notation)
from which we get the average velocity of the n-th monomer
From (22) we can get information on the shape of the polymer as a function of time, while from (23) we get insight into the velocity response of the polymer to turning on the force at t = 0. This will allow us to determine how the tension propagates along the chain, a question recently studied for a polymer in a viscous environment [6, 7] . We now discuss these issues in more detail.
V. SHAPE OF THE POLYMER
The applied force breaks the rotational symmetry of the polymer and it gets a length L in the direction of the force. Moreover its density depends on the distance (measured along the direction of the force) from the first monomer. For a polymer in an ordinary viscous medium this leads to a trumpet shape, similar to that of a polymer in a constant flow [2] .
Since the Rouse chain has no finite extensibility, the stem-flower shape [3] does not show up in this model. We do not expect these properties to change in a viscoelastic medium since they are equilibrium properties. What does change is the transient behaviour of these quantities.
The (average) length L(t) of the polymer is defined as
which using (22) gives
Asymptotically in time, using (15)
The last equality holds again for N 1. This is the same steady state length as for a Rouse chain pulled through a viscous medium [7] . This is no surprise, since the steady state is just the equilibrium state that only depends on temperature (enforced through the use of the fluctuation-dissipation theorem).
However, the transient behaviour is different in the viscoelastic case. For times, where τ N,α t, the high p-modes have decayed so that the sum in (25) can be approximated by
After a switch of variables y = pt α/2 /N this leads to a scaling form for L(t)
where F (x) is constant for x small and goes as x −α/2 for x 1. The time scale τ R,α is the natural extension of the Rouse time scale to the viscoelastic environment. For N 1
The dependence on N as N 2/α implies that for the small α-values reported for cells (0.1 < α < 0.4), this time scale can become quite large.
In Fig. 1 we plot L(t)/L as a function of time for various α-values. We clearly see the predicted behaviour: after an initial regime, the length grows as t α/2 and then reaches its limiting value after τ R,α . Next we determine the time evolution of the density profile. We define X(n) as the average distance (in the direction of the force) between the n-th and the first monomer.
One finds
Inverting this relation gives n(X, t) from which we obtain the density ρ(X, t) = dn(X, t)/dX.
For arbitrary times this calculation has to be done numerically. However, in the steady state we can get analytical results. Indeed for t → ∞ we obtain, using reasonings similar to those given for the equilibrium length L
Inversion of this result and subsequent derivation gives
This density profile, which diverges at L is the famous trumpet shape [2] of a polymer in a steady flow. Notice that this result is again independent of the properties of the viscoelastic medium and therefore also holds for the original Rouse model (1) . As far as we know, this result was not derived before for that case. 
ρ(X, t) diverges again at L(t) though the precise function relation is complicated and we
were not able to derive an analytical expression for it. Fig. 3 shows the trumpet shape of the polymer at t = τ R,α and in the steady state, again for α = 0.4, f = 2 and N = 1024.
VI. FRONT PROPAGATION
We next analyse the velocity of the monomers as given by (23) . Comparison with (13) shows that the first term of (23) is just the center of mass velocity. The second term, which we will denote by J n (t) = V n (t) − V cm (t) , then denotes the difference in velocity between a given monomer and the center of mass. In the viscous case, α = 1, this term goes to zero exponentially fast after the Rouse time τ R,1 . In the viscoelastic case, this transient term dies out much slower. Asymptotically in time, only the Rouse mode with p = 1 survives, and then using (16) we find that J n (t) decays independently of n as
If we look at the first monomer (n = 0), and approximate the sum in (23) by an integral
we find that, after changing again to the variable y defined in the previous section, that where G(x) is a constant for small arguments, while G(x) ∼ x −3 for large arguments, in order to match (31).
In Fig. 4 we plot the (average) velocity V n (t) of a few monomers as a function of t/τ R,α .
The first monomer starts to move immediately (inertia is neglected in the Rouse model) and then as time goes on other monomers begin to move. After the Rouse time, all monomers move with the velocity of the center of mass, up to the power law corrections discussed above, which however cannot be seen on the scale of the figure. In Fig. 5 we show the exact results for J 0 (t). As predicted above, the initial decay ∼ t α/2−1 crosses over to a faster decay t −α−1 after the Rouse time.
The data in Fig. 4 show that as we pull on the first monomer, a front moves through the polymer that gradually sets into motion all other monomers. In order to further characterise The full line gives the equilibrium shape, the dashed-dotted one gives the density at the Rouse time τ R,0.4 . The density is also shown reflected on the X-axis to show the trumpet shape.
the motion of this front, we determined numerically the time T n at which the n-th monomer reaches a maximum velocity. One can say that at this time, the response to the pulling force is maximal. In Fig. 6 we plot these times as a function on n in a log-log plot for α = 0.4.
Clearly, the front propagates as a power law T n ∼ n z . From a fit of the data, we find It is convenient to introduce the variable Y 0 (t) = X 0 (t) − X 0 (0), the distance travelled by the center of mass since the force was turned on. From (11) we have
After using the expression (9) for the force F 0 (t) and the fluctuation-dissipation theorem (4), we obtain
Inserting in (34) gives
The remaining integration can be done in terms of beta-functions and equals 2t α Γ(α)Γ(1 − α)/α. Combining the second moment of Y 0 (t) with its average calculated in section III then finally gives its variance (or fluctuation) as a result that, as could be expected, is independent of f and which is in agreement with the result in [20] where the present model was studied in absence of a force.
We finally look at the autocorrelation of the end-to-end vector P (t) = R 0 (t) − R N −1 (t).
The average size of this vector is the length of the polymer L(t), see (24) . Using (21) , it is easy to show that for a large polymer
The autocorrelation of P (t) can therefore be rewritten in terms of the autocorrelations of the various modes X p (t). These are calculated in appendix B. We find
where C p = cos(πp/2N ). From the asymptotic behaviour of the Mittag-Leffler functions one immediately finds that P (t) · P (0) decays as t −α in contrast with the much faster exponential decay in the viscous Rouse model. From (39) we can also obtain the fluctuation in the length of the polymer
The result is surprisingly simple
and can be understood from the equipartition theorem. Indeed, the random variables R i − R i−1 are independent in the Rouse model and appear in a quadratic way in the model's
Hamiltonian. Since we also have that
(41) follows from the equipartition theorem.
VIII. DISCUSSION AND CONCLUSIONS
In this paper we have investigated transient properties of a Rouse polymer that moves through a viscoelastic environment under the influence of a force. The Rouse model is a too simple model to describe a real polymer. In realistic polymer models one has to include interactions between the monomers which at high temperatures swell the polymer. At low temperatures, below the theta temperature, the polymer collapses because of monomermonomer attractions [23] . The polymer then assumes a globular shape. Such a globular polymer can be used as a starting point to describe proteins.
The steady state properties and the transient behaviour of polymers subjected to a force and moving through a viscous medium have been recently studied for such more realistic polymer models. Using scaling arguments [7] it has been argued that the front propagation is not influenced by self-avoidance or by hydrodynamic interactions, so that T n ∼ n 2 always holds for polymers at high temperatures. Since it is the tension propagation that determines the length of the polymer, this is also found to grow in the initial time regime as t 1/2 , independently of self-avoidance and hydrodynamic interactions. We are currently investigating the predictions of [7] numerically [24] .
It is difficult to extend the arguments of [7] to the viscoelastic case since they were based on the blob picture which cannot be easily extended to that situation. It could be that also in viscoelastic media, the tension propagation is not influenced by self-avoidance since in the stretched region one expects self-avoidance to play a minor role anyhow. Therefore, we expect the results L(t) ∼ t α/2 to remain valid. This prediction should be verified numerically, but simulations for a polymer moving through a viscoelastic medium are difficult since one has to generate a large number (N ) of long, independent histories of the correlated noise
It is nowadays experimentally possible to pull a polymer through a medium using optical tweezers. The shape of that polymer can be studied if it is made fluorescent [4, 5] . In this way, it can in principle be possible to determine the length of the polymer as a function of time. From such measurements it would be possible to get an independent estimate of the exponent α. This can be seen as a new active microrheological approach which complements existing approaches where α is determined from (passive) measurements of the subdiffusion of a particle immersed in the environment or from (active) measurements of the response to a periodic perturbation [15] .
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This result follows from the equipartition theorem applied to the initial, equilibrium, con- can be obtained from the definitions (5) and (9) and the autocorrelation of the noise (4) . In this way, we find
which after inserting in (B3) gives 
which is of the form of the Laplace transform of a function of |t − t | [25] . Putting everything together gives
where C p = cos πp 2N
.
One easily verifies that in absence of a force the equipartition theorem holds at every time X 2 p (t) = 3k B T /k p .
